We study the in-plane critical magnetic field of two-dimensional Ising superconducting systems, and propose the microscopic theory for these systems with or without inversion symmetry. Protected by certain specific spin-orbit interaction which polarizes the electron spin to the out-of-plane direction, the in-plane critical fields largely surpass the Pauli limit and show remarkable upturn in the zero temperature limit. The impurity scattering and Rashba spin-orbit coupling, treated on equal-footing in the microscopic framework, both weaken the critical field but in qualitatively different manners. The microscopic theory is consistent with recent experimental results in stanene and Pb superconducting ultra-thin films.
Introduction.-The pair breaking mechanisms of a conventional superconductor, such as scattering with paramagnetic impurities [1] as well as generation of vortices [2] , have been intensively studied [3] . In layered superconductors, the reduction of dimensionality weakens the orbital effect when the magnetic field parallels the layered plane [4] , therefore providing a possible route to a large in-plane critical field B c . However, due to the Zeeman energy splitting, the Cooper pairs in conventional superconductors normally become unstable when the magnetic field exceeds the Pauli limit [5, 6] . In contrast, the translational symmetry breaking Fulde-FerrellLarkin-Ovchinnikov (FFLO) state can stabilize Cooper pairs beyond the Pauli limit [7, 8] , with the requirement that the superconductor locating in the clean limit [9, 10] . Moreover, the spin-orbit scattering (SOS) randomizes the spin orientation by weakening the paramagnetism effect, as shown in the Klemm-Luther-Beasley (KLB) theory, and leads to enhancement of B c [11] . Recent studies on two-dimensional (2D) crystalline superconductors [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] have pointed out yet a third mechanism to enhance B c , originating from the spin-orbit coupling of the system. The in-plane inversion symmetry breaking leads to out-of-plane polarization of electron spin, and the Cooper pairing is protected against the in-plane magnetic field [15] [16] [17] .
The impurity scattering may randomize the spin orientation, and thus renormalize the in-plane critical field B c . Moreover, apart from the aforementioned inversion-asymmetric Ising superconducting systems, certain inversion-symmetric 2D materials can host spin splitting around the Γ point due to intrinsic spinorbit coupling [22] [23] [24] . New microscopic model is needed to investigate the pairing breaking mechanism in these inversion-symmetric systems. And the combination effects of spin-orbit coupling and impurity scattering need to be studied on equal footing. Such investigations, so far have not been proposed, can give quantitative explanations for the enhancement of in-plane B c in Ising superconductors, including the recent discoveries of inversionsymmetric Ising superconductiviting systems [25, 26] .
In this paper, we provide general microscopic analysis for 2D Ising superconductors, and treat the Isinginducing intrinsic SOI, the impurity scattering, and the Rashba SOI simultaneously.
Starting from a schematic physical analysis, we propose a microscopic model and derive the in-plane critical field relation B c (T ) for inversion-symmetric Ising superconductivity and inversion-asymmetric one respectively. The comparison of theoretical results with recent experiments is also given, with a remarkable upturn at the ultra-low temperature regime, which is qualitatively different from the KLB formula.
Inversion-symmetric Ising superconductivity.-This type of 2D superconductivity happens in a system with its energy valley at zero-momentum point Γ and two doubly-degenerate Fermi surfaces (FSs) around it, where the SOI is not Zeeman-type. For example, in few-layer stanene, intrinsic SOI splits the 4-fold degenerate P + x,y level into two doubly-degenerate levels, opening a gap at the Γ point [22, 23] . The lower level crosses E F at two different Fermi wavevectors k 1 , k 2 , forming two different-shaped FSs [23] , each of which holds two states [see Fig. 1 which takes opposite value −B ef fẑ and B ef fẑ on different orbits P + x+iy and P + x−iy respectively (ẑ is a unit vector perpendicular to the plane). In this way the system has time-reversal symmetry (TRS) at zero B, and electrons with opposite momenta and spins on the same FS can form Cooper pairs. The s-wave pairing with orbit-locked out-of-plane spin can give rise to the large in-plane B c .
The double-FS structure of inversion-symmetric Ising case differs from those of inversion-asymmetric Ising in their shape and location. Based on previous study [24] , the system can be represented by a four band model with basis (P 
with A, M 0 , M 1 , v as fitting parameters, and µ B as the effective Bohr magneton. At B = 0, H II has TRS and two dispersion relations
each of which is doubly degenerate. At small k, the degenerate eigenstates of E − (k) can be approximated by P + x−iy,↑ , P + x+iy,↓ . We consider the lower band E − (k) crosses E F at two different Fermi wavevector k 1 and k 2 [see Fig. 1(b) ], and take into account the spin-independent scattering disorder within each FS by setting a mean free time τ 0 in the Green's function [2, 27, 28] . The critical field for each FS can be solved within the Werthamer-Helfand-Hohenberg (WHH) framework [2, 28] , and be joined together in light of quasiclassical two-band Usadel equations [28, 29] . The critical field satisfies:
where r = 1, 2 labels the two bands, λ rr is the matrix of BCS coupling constants (assumed
ψ(x) is digamma function,m r is effective SOI, and all the functions and parameters appearing in Eq. (4) and (5) Near T c , the inversion-symmetric Ising formalism is consistent with the 2D Ginzburg-Landau (GL) theory [30] and the KLB theory [11] . As shown in Fig. 2(b) we compare the inversion-symmetric Ising case with 2D GL theory [30] B c = √ 12 2π
and KLB theory of SOS mechanism [11, 31] ln Here Φ 0 , ξ GL , d sc , τ so denote flux quantum, GL coherence length at zero temperature, effective thickness of superconductivity, and SOS time, respectively. When the temperature is near T c , B c predicted in Eqs. (4)(8) are both proportional to 1 − T /T c , consistent with 2D GL theory.
In low temperature region, inversion-symmetric Ising theory has a remarkable upturn, and apparently larger field than 2D GL, KLB theory, and zero SOI case. This upturn establishes a stark difference from the standard pair-breaking (SPB) theory discussed by P. Fulde [3, 32, 33] . Various TRS-breaking cases lead to the same equation and similar thermodynamics properties, and TRSbreaking factors function as a generic parameter in that equation. If TRS-breaking factor is the field B c , and the equation of SPB theory is
where τ R (B c ) is a function of B c acting as the generic TRS-breaking parameter with a real or complex value. From Eq. (9), one can obtain lim
2 in Eq. (9), we reach zero SOI case F (0, t, b) = 0 or KLB theory Eq. (8) . Therefore the critical field near T = 0 in those two situation is asymptotic to some finite constant and no upturn can happen. However, Eq. (4) shows remarkable upturn in low temperature region, which is indeed a distinguished experimental property of inversion-symmetric Ising superconductivity [25] . Although the FFLO state also shows upturn B c in the low temperature regime, however the impurity scattering can destroy the possible FFLO states [9, 10] . Moreover, the upturn feature in the low temperature regime is quantitatively different from the 2D FFLO state [28] .
The upturn can be explained from the two-level structure of the four-band model Eq. (1). In Fig. 1(b) , we plot the schematic diagram of energy levels at Γ point, and the electrons on E − (P + x−iy,↑ or P + x+iy,↓ ) can be excited to E + (P + x−iy,↓ or P + x+iy,↑ ) by thermal activation or parallel magnetic field. In high temperature region, both levels are partially filled, so the superposition of up-spin and down-spin of the same orbit P + x+iy (or P + x−iy ) weakens the spin polarization along z-direction and the phenomena is like 2D GL and KLB theory. By contrast if T is close to zero, the upper band is almost empty so its influence is negligible, and the electrons have robust spin polarization, making the Cooper pairing very difficult to break by the parallel field and leading to the upturn of B c in low temperature region.
Inversion-asymmetric Ising superconductivity.-For in-plane inversion asymmetric systems, the inversionasymmetric Ising superconductivity is caused by Zeemantype SOI. Considering 2D hexagonal lattice as an example, the SOI serves as out-of-plane magnetic field which takes opposite value B ef fẑ , −B ef fẑ at valleys K and K , and the spin-degeneracy of energy bands are lifted, resulting in double FSs with almost the same radius and shape around each valley [see Fig. 1(d) ]. Thus, electrons at K + k r and −K − k r (r = 1, 2 labels the two FSs) have opposite out-of-plane spin because of TRS [see Fig. 1(c) ], and intervalley Cooper pairs formed by those electrons are stable under an in-plane field much larger than B p . When an in-plane magnetic field Bx is present, the normal state Hamiltonian reads [34] , where m is the effective mass, σ and τ denotes the real spin subspace and valley subspace respectively. The relation between critical field B c and temperature T can be solved within the WHH framework [18] , and the in-plane critical field satisfies the equation:
with digamma function ψ(x), Matsubara frequencies ω n = (2n + 1)πk B T and spin-independent scattering τ 0 . If the spin-independent scattering is weak, or the temperature is not too low, the simplified equation is F (β so , t, b) = 0 in terms of dimensionless effective Zeeman-type SOIβ so = βso k B Tc+h/(2πτ0) . Instead of using Dyson equations technique to solve the inversionasymmetric problem [35] , the WHH method here finishes the work after the fashion of the aforementioned inversion-symmetric Ising case, showing its convenience in both types of Ising superconductivity. We note that when the Eq. (4) of inversion-symmetric returns to F (m 1 , t, b) = 0, the functional form looks like the 84T, fitted by inversionsymmetric Ising theory, and the experimental data is from from Ref. [25] . The fitting shows a weak Rashba parameter αR m1 for k1 FS, and the k2 FS has no effective field possibly because k2 is too large. The BCS coupling constants are λ11 = 3, λ22 = 1, λ12 = 0.4. (b) 6-monolayer (ML) Pb films, Tc = 6.00K and Bp = 14.7T, fitted by inversion-asymmetric Ising theory, and the experimental data is from from Ref. [18] .
inversion-asymmetric Ising case, but the new effective parameterm 1 is not the Zeeman-type SOI. This similarity in mathematical form suggests the universality of the F (m, t, b) function in various types of Ising superconductivity.
Discussions.-There may be multiple types of SOI working simultaneously, including the Ising-inducing SOI and the Rashba SOI to affect the in-plane B c in experiments [15, 16] . Considering the effect of Rashba SOI originating from the interface, both the inversion-symmetric formula Eq. (4)(5) and the inversion-asymmetric formula Eq. (10) can be further modified to include the influence of Rashba SOI, and further be utilized to fitting the inplane critical field B c of few-layer stanene and ultrathin crystalline Pb films, respectively [28] . In both case, the weak Rashba-type SOI tends to polarize the spin to the in-plane direction, making the Cooper pairs more susceptible to the in-plane magnetic field, and destructs the upturn at very low temperature. If Rashba-type SOI is strong, the upturn in low temperature region will be completely destroyed. We use both types of formulas for Ising superconductivity with dimensionless effective Rashba-type SOIα R =
k B Tc+h/(2πτ0) to fit the experimental data quantitatively [see Fig. 3 ], and the results give very weak Rashba-type SOI parameterα R m 1 or α R β so . In the above derivation, changing the disorder strength renormalizes every effective SOI parameter in the same wayX = X0 1+h/(2πτ0k B Tc) , where X = m 1 , m 2 , β so , α R and X 0 denotes the original dimensionless SOI. Therefore, the curves in Fig. 4 overlap more with the dashed ones for smaller τ 0 , showing the Rashba effect strongly restricted in a narrower lowtemperature region as the system gets dirtier.
It should be noted that the Hamiltonian model Eq. (1) for inversion-symmetric Ising theory is block-diagonal at zero B, and the eigenstates at the rth FS can be written as P . If k r is close to zero, then the eigenstates can be approximated by P + x−iy,↑ and P + x+iy,↓ , and the SOI can be viewed as a result of orbit-locked ±B ef fẑ mentioned before [see Fig. 1(d) ]. If k r is too large, the coupling parameter η cannot be neglected, which gives rise to smearing out of Ising pairing. In other words, the effect of the η is similar to that of the Rashba SOI, and thus can also contribute to bend downward the critical field in the ultra-low temperature regime.
Summary.-We propose the microscopic theory for the in-plane critical field of two-dimensional Ising superconducting systems, including systems with or without inversion symmetry breaking. In both systems, the intrinsic spin-orbit interaction polarizes the electron spin to the out-of-plane direction, which gives rise to large inplane critical field surpassing the Pauli limit. Meanwhile, the critical field shows remarkable upturn near the zero temperature limit. The microscopic theory can quantitatively explain recent experimental results in stanene and Pb superconducting ultra-thin films. 
I. THE NORMAL STATE HAMILTONIAN OF INVERSION-SYMMETRIC ISING SUPERCONDUCTING SYSTEM
We consider the typical system of inversion-symmetric Ising superconducting Stanene system with normal state Hamiltonian described by the Bernevig-Hughes-Zhang (BHZ) model 1 .
The basis of the matrix is (P 
The in-plane magnetic field induces spin splitting in x-direction:
The Zeeman term doesn't have TRS and changes sign under time reversal
The energy band E(k) of Eq. (1) at B = 0 (the four eigenvalues are doubly degenerate)
and we assume η = − vke −iθ
, and
The E 2 (k r ) − E F = 0 points are (assumed to be) two circles in the xy plane with "Fermi vectors" k 1 and k 2 (0 < k 1 < k 2 ), forming two Fermi surfaces (FSs) denoted by FS index r = 1, 2. We assume FS r has an approximate Hamiltonian H r = A r (k 2 − k 2 r ) + H(k r ) in which the H(k) matrix is "fixed" at k r .
where A 1 , A 2 are "effective mass" to make the slope of E i (k) curve at k r equal to those of Eq. (4). We assume the interband scattering can be neglected, and treat H 1 , H 2 separately in the next section.
II. CRITICAL FIELD FOR ONE FERMI SURFACE
Based on the Gor'kov Green's function technique 2 , we consider only one Fermi surface present, e.g. band 1. The spin-independent scattering disorder is denoted by mean free time
, where n i is the density of impurities. The Green function under influence of non-magnetic disorder scattering is 
Average the gap function over impurity configurations
with V (r, r ) denoting the non-magnetic impurity scattering and ∆ denoting the superconducting gap.
The anomalous Green's function F ω (r − r ) is defined by:
And the transition temperature T obeys
where
is the density of states at Fermi level, and
with S ω (θ) the dimensionless integral kernel function
The bare anomalous Greens function is
Introduce an integral identity to compute the bare integral kernel S
Considering the disorder influence, the full integral kernel S ω (θ) is given be Eq. (14):
The relation between the upper critical field B c (T ) and temperature T is
Then the relation between B and T is in the following form
We assume the approximation 1 + 2|ω|τ 0 ≈ 1 + 2πk B Tcτ 0 and introduce new dimensionless
By performing the summation
we get the upper critical field B c (T )
with ψ(z) denoting the digamma function. The effect of the original Hamiltonian model
and disorder scattering (τ 0 ) are all summarized into one parameterm.
If we only consider the 2nd FS, the result is virtually the same, except k 1 is replaced by k 2 in Eqs. (7)- (23). 
The approximate Hamiltonian model is H r + H R (k r ). We can repeat the one-band analysis in Section II with this new Hamiltonian, and get 
We assume the approximation 1 + /2|ω|τ 0 ≈ 1 + /2πk B T c τ 0 , and introduce new dimensionless
We also assume the angular average can be calculated separately, then finish a summation much more complicated than Eq. (22)
This form is similar to the inversion-asymmetric Ising case with Rashba-type SOI in 4 .
III. EXTENSION TO TWO-BAND INVERSION-SYMMETRIC ISING SUPER-CONDUCTING SYSTEM
The notations in this section bring back the band index r = 1, 2, and the T c in last section has to become T c1 , and T c in this section is the two-band critical temperature. The form of Eq. (21) is almost unchanged, but the T c is different, so we write agaiñ
We can use the above one-band theory in separate bands, and then get them together with two-band Usedal equation 5 . The Eq. (23) for only one band can be rewritten for each band:
are dimensionless, ln γ = 0.577 is the Euler constant, λ rr are BCS superconducting coupling constants. The form of U r is dimensionless and independent of T c (we assume 2πk B τ 0 T cr , T c ). Here the diagonal terms λ 11 and λ 22 quantify the intraband superconducting coupling, and off-diagonal terms λ 12 and λ 21 describe the interband coupling.
Then we assume the equations in our case arẽ 
T c is defined as and subscript r = 1, 2 labels the index of the FS.
IV. LIMITING BEHAVIOR NEAR T c AND COMPARISON TO 2D FFLO STATE IN THE LOW-TEMPERATURE REGIME
We write the temperature and the field in dimensionless form t = ) − ψ(
3. In inversion-asymmetric Ising theory, ln t + b 
